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Abstract

This investigation is concerned with analytically determining the dynamic buckling load of an imperfect
cubic-quintic nonlinear elastic model structure struck by an explicitly time-dependent but slowly varying
load that is continuously decreasing in magnitude. A multi-timing regular perturbation technique in
asymptotic procedures is utilized to analyze the problem. The result shows that the dynamic buckling load
depends, among other things, on the first derivative of the load function evaluated at the initial time. In
the long run, the dynamic buckling load is related to its static equivalent, and that relationship is
independent of the imperfection parameter. Thus, once any of the two buckling loads is known, then the
other can easily be evaluated using this relationship.

Keywords: Dynamic buckling; perturbation approach; multi-timing perturbation technique, cubic-quintic
nonlinear elastic structure, slowly varying load; imperfection parameter.
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1 Introduction

In a series of investigations [1-3], Budiansky and Hutchison extended the original work of Koiter [4, 5] to
the case of dynamic buckling. Using mass-spring model structure arrangement, they (Budiansky and
Hutchison) derived a series of equations of motion characterizing certain nonlinear elastic model structures
trapped by various types of loading histories. Such loading histories include the step load, rectangular load,
periodic load as well as impulse load, among others. Except for periodic load which normally results to non-
autonomous equations of motion, most other loading histories give rise to autonomous loading histories,
where the resultant equations of motion are overtly implicit in the time variable.

It must however be mentioned that Budiansky and Hutchison [1-3], named such systems and the resultant
equations of motion after the degree of nonlinearity of the model structures investigated. Thus, there is, for
instance, the quadratic structure satisfying the equation

Z—§+ (1= Af(©)§ —ag? = 2f(), t>0 (18)
(=50 (1b)

where &(t) is the displacement, A is a nondimensional load amplitude, f(t) is the loading history, t is the
time variable, & is the imperfection amplitude while a is the imperfection sensitivity parameter. In all
quadratic structures, the nonlinearity is quadratic. Budiansky and Hutchison likewise investigated other
structures such as cubic structures (having cubic nonlinearity), quadratic-cubic structures (with quadric-
cubic nonlinearity) and so on. In the light of the foregoing, this investigation shall extend the study to the
case of an imperfect cubic-quintic nonlinearity elastic model structure (i.e. having cubic-quintic nonlinear)
with the sole aim of obtaining the dynamic buckling load in the case of the structure trapped by an explicitly
time dependent but slowly-varying dynamic load that has a continuously decreasing but nonzero load
amplitude. Other pertinent investigations include the studies by Sadovsky et al. [6] and Bisagni [7].

It is to be remarked that investigations into slowly-varying systems have been the pre-occupation of many
researchers. Such include Kevorkian [8], Kuzmark [9], Luke [10], Kroll et al. [11] as well Li and Kevorkian
[12], among others. Such earlier studies were largely made in the context of dynamical, mechanical and
electrical systems, but not particularly in the landscape of dynamic buckling. To our knowledge, such earlier
investigations involving explicitly time dependent but slowly-varying loading systems in a dynamic
buckling setting, appear to be rare. It is also to be remarked that Askogan and Sofiyev [13] investigated the
dynamic buckling load of spherical shells with variable thickness subjected to a time-dependent external
pressure varying as a power function of time, while Kubiak [14], Wooseok [15], Kolakowski [16] and
Kowal-Michalska [17] made similar investigations. Mention is also made of studies by Bisagni and
Vescovini [18] and Patel et al. [19], while Reda and Forbes [20] carried out an investigation into the
dynamic effects of lateral buckling of high temperature/high pressure offshore pipelines.

In this analysis, we actually adopt a similar approach as in Ette et al. [21,22] with minor modifications. In
[21] as well as [22], it is assumed that the structure is trapped by a step load such that f(1) =1.
Furthermore, [22] is a case of viscously damped imperfect finite column and the perturbation was in the
viscous damping and the imperfection amplitude.

2 Formulation of the Problem
Taking a cue from (1a, b), the relevant equations of motion are

Ly (1— A E0)E +af® — €5 = 2EF(821), t>0 0

dt?
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5(0)=%=0, 0<f«k1,0<1<1 (2b)

where a and [ are the imperfection sensitivity parameters and all other variables are as defined earlier. Here
the load f(&2t) is such that

fO) =1 |fEt]|<1 t>0 (3)

In addition, f(&%t) is a continuously decreasing but slowly-varying function of time and having right hand
derivatives of all orders at t = 0, otherwise f(&?t) is arbitrary. Our aim then is to analytically determine the
dynamic buckling load of the structure subjected to the stipulated load.

The dynamic buckling load A is defined as the maximum load amplitude for which the solution of (2a, b)
remains bounded for all time t > 0. As in Budiansky and Hutchison [1-3] and Amazigo [24,25], the
condition for dynamic buckling is

di

< =0, “4)

déa

where &, is the maximum displacement. It is then incumbent on us to first obtain an asymptotic expression
of the displacement after which the maximum displacement &, is determined.

3 Static Buckling Load Ag

Because the intention is to eventually relate the dynamic buckling load to the static buckling load Ag, it is
necessary that Ag be first obtained.

The relevant equation in this case is obtained by neglecting the inertia term in (2a) and setting f (E_ 2 t) =1,
while neglecting the initial conditions. This gives

(1= DE+ag®—p& = A8 (%)
The condition for static buckling, as in [1-3] and [6,7], is

i _

“_g (62)
This gives
(1—- 2 +3a8f—5p¢=10 (6b)

Where As and & are the static buckling load and the displacement at static buckling respectively. The
solution of (6b) is

2 _ —3a+/9a?+20B(1-1s) _ 3a(Ri—1)
$s = 108 Ty (6¢)

where the positive square root has been taken in (6¢), and

Ry(ks) = 1+ 2C29(2) (6d)

a?

1

w6 = (B @2 (6¢)
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To obtain the static buckling load Ag, the procedure is to first multiply equation (5) by 5 and get

§s[5(1 — A9) + 5agd — 58881 = 54s¢ (69)
Making 58¢&¢ the subject in (6b) and substituting same in (61), gives

5As§ = 2&5[2(1 = As) + agE]

On simplification, this gives

1
- 3 1
525¢ = 2\/%(%)2 (R, — 1)2(1 — AR, (62)
Where
_ 3(R1-1) a_2
Ry=1+7 (B) (6h)

Equations (6g, h) evaluate Ag implicitly.
4 Solution of (2a, b)
Let
T=8% (7a)

and now assume a time scale £, such that

L (1-a1(0)" = (- @) (7b)
Further let
§@) =n(t 1) (7c)

. 4§ _omat  ondr _ L2
c T aim Y = A=A+ 8, (7d)

Here, a subscript following a comma denotes partial differentiation. It follows that

a2 = 1 = A
= (1= 2+ 282 = A e + e — 8)
2(1-Af)2
where () = %. Substituting in (2a) results to
£2 1 £4 Af e 3 5 _ 9%
A= 2Anee + 282 — A )2 e + N 0e — an +A =2 m+an’=pn>=2f(x) (9
2(1-Af)2
Let
() = X't ) € (10)
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The following are obtained on equating coefficients of orders of &

. @ _ _ M@
0(): 1%+ =) = 2 (in
_ 1 _ 3
0(8): 1D +n® = 201 - 1) Y — a(1 - A) "1y + LI (12)
2(1-21)2
— 1 _ lf'n(})
0(E): 1D +n® = 20— "mE - @ - E + L
2(1-Af)2
_ 2 _ 5
—3a(1 - 2f)" W ® — p(1 - )@ (13)
etc.
The initial conditions are
0(§): 19,0 =0vi=135,.. (14a)
(1)(0 O) =0 (14b)
0(&):  7®0,0) +1-1)"P00) =0 (14c)
0(&): P00 +1- Af)‘in(”(o,o) =0 (14d)
etc.
Solving (11) with (14a), for i = 1, results to
nW(fr) = a, (1) cost + B, (1) si i + B(1) (15a)
A
a,(0) = —B(0) = —ir p(0)=0 (15b)

Before substituting into (12) it is necessary to first simplify n(1)3 such that

n®° = (ay cosE+ B, si 1 + B)?
3BB? 3Ba? 3a,b? 3a a? _
=<B3+ ﬁ1+ 1)+< Lat IS 1+3ale>cost+<1ﬁ1+'8—1+ﬁ1 > i

2 2 4 4 4
3 2
+3a,8;Bsi I?_E+?(a12 — B3 cos2t + (% —%) cos3t—=* Bl siBf (16)

The substitution of (16) into (12) and subsequent simplification yields

1 Af'
r],(;f) +1® =21 - Af)2(ay'si it — B;'cost) +%(—a1 si + B; cost)
2(1—/1f)5
3BB? 3Ba? 3a,b? 3 _ 2
—a(1-2f)"1 [(B3+ zﬁl + 2a1>+< aj} Ly Zl +3a,B >cost+(0l1ﬁl+ﬁ—1+ﬁ1 > i

3
+3a,8,Bsi Rt + %(al B?) cos2t + (al - %) cos3t— =+ Bl —si IBt] (17)

To ensure a uniformly valid solution in £, there is the need to equate to zero in (17), the coefficients of cost
and si 1t and get, for cost:

_ MB _ _ (3ai | 3@iBE | 30aB%) (4 gy
Bi -l = (8 42y o )(1 Af)7z. (18a)
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For si 1t:

_ May _ -2 (aiBs , Bi 2
@ — o = 3a(l ~ 1) z(—4 +84 8 ) (18b)

The coupled equations (18a, b) need not be solved explicitly because the only terms needed of them are
a,(0), B;(0), @;(0) and B;(0), all which can be evaluated from (18a, b) as follows:

15aB3 (0)

0;(0) = LO"O pi0) = (19)
8(1- /1)2
Similarly, the following terms are obtained
a”(O) _ —-B2(0)¢, " 45B5(0)a?(1-1) (19b)
1 4(1-2) 64
and where
" 5A£/(0
02 = (1= Df'(0) + L2 (19¢)
. _p4 ,
Bi(0) = 2L Des (20a)
1-1z
Where
9a 1,1
ps=2+3(2+13) (20b)
In passing, the following terms are worthy of note
B(0)F'(0)
B'(0) === e2y)
B'(0) = 225 {(1 - Vf () + 22 *(0)) = BO)s (22a)
A-Dr"(©+247%(0)
e R (22b)
The remaining equation in (17) is
n(s) +1® =1ry(r) + 1,(r) cos2E + 1,(t) cos3t + 13() si BE (23a)
with
1900 =0, 7200 +1-DP 00 =0 (23b)
where
3 , 3BBZ? | 3Ba? _ -3aB 2 p2
ro(@) = oo (B2 + 2+ 220), n(@) = joas (ad = BD) (242)
o} 3048} _ _—ap}
(@ = 5 (£ - 228, () = e (240)
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_ -5aB3(0) _ —3aB3(0)
10(0) = a1 ° r(0) = EREN (24¢)
_ —aB3(0) _
r(0) = 2, r5(0) = 0 (24d)
Similarly, the following simplifications equally hold
oy — BHOFf a5 6 () = Z39BHO) 5 42
10(0) = 1-2) (2 /1)’ n(0) = 42(1-2) @2-2-29 (252)
ey — @B oy —
r(0) = L L0, 75(0) =0 (25b)
The solution of (23a, b) is
77(3) = a, cost + ﬁg s+ To — r1 cOS2t T2 C;)S3E T3 s;rﬁf (263.)
_ () | 130) _ B O
= a3(0) =70(0) + ==+ == =5 (26b)
1,0, , —B2(0)F"
B:(0) = —(1 = D72 (a;(0) + B1(0)) = L2 (4 - 1+ 22) (260)
42(1-2)2
The substitution into (13) requires the following simplifications:
77(1)5 = (aycost + B; si i + B)®
=r+rscost +rgsid +1,cos2t +1gsi RE + 19 cos3t + 1yy si BE + 1y, cosdt
+7,, si dt + 15 cos5t + 1y, si BT (27a)
where
4 3 4
r =+ 507 (% + BZ) + (35 +5B3p2 + —151;[”1) (27b)
__5af | 5a3 (B2 2 3Bt | 3B2B% 4
=291 50 (B 3p2) 4 5, (L4220 pe) (27¢)
ro =40 4 5o (BL 4 30y _swblb | (107 | g 5p2p3) (27d)
6 2 1\4 2 2 16 1
r, = 10Bat + 5a?B3 — (56{B + 582B3) (27¢)
ry = 5BBia3 + 2 (338 + 44, B%) (271)
—ﬁﬁBZ B_%_ﬂg,zgﬁ_f 27
To = t +5 2 Bi +5 (27g)
Tio = 3aify + 5a? (33132 - ﬁ) _SapiB _ (B—f + 5,3232) (27h)
0= 5 1\ 2 8 2 8 1
22 4
11y = Saip — BUPLE | SBTIB (27i)
5a3p1B .
T2 = S2ib5 (27j)
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ry =% S8 | sl @7%)
ry =2 b il @)
where
=29 ) ="220  p0)=0 (27m)
7(0) = 1585(0),  75(0) = 0, ry(0) = 220 @7n)
r10(0) =0, r11(0) = 5B°(0), 112(0) =0 (270)
ns@ =" 1,0 =0 27p)

Similarly, the expansion below to be substituted into equation (13) follows

R B . B B _
W@ = (a, cost + B, si 1f + B)? (a3 cost+ f3sid +m —rlCOSZt—r3C§S3E)

=15 +1gCcOSt +1y5si Mt + 15 c0S2E + 19 ST RE + 159 c0S3E + 151 51 1BE
471y, oS4t + 1,3 si Bt + 1y, cos5E + 1y5 s 1BE (28a)

where

2. 2 2_p2 2_p2
s = [—(al;rﬂl) + BZ] To + Bajas + BB fs + 2By + ro(a12 £ _ rl(alz £i) (28b)

Bayry  BBir3 + az(af-p3) ra(a-83) + a1B81B3 (28¢)
2 8 4 32 2

2 2
Tie = [—(al;rﬂl) + BZ] as + 2Bayry +

Ty = [(“1+ﬂ1 + BS]ﬂ + 3317’1 + BBy1p + Bs(ai-B3) rs(ai-$3) + 18103 + a1fir;  a1Pirs (28d)

8 4 32 2 16 16
2 2
rig = 2[4 B2 4 Bayay — (28¢)
=B Ba1r3 B 28
Ti9 = Bayf5 — + Bfas + a1 pi1g (289)
_ _r2[(ad+8]) 2] , Baars | BBirs | as(af-B3)  aiBifs
ro = —2 [y p2| 4 Bns y DR y Saled - (28¢)
Ty = _E[M + BZ] __ Bpim + Bs(a3-87) + a1fraz  a1fire (28h)
8 2 3 4 2 16
2_p2
Iy = _% _ % (281)
B Bp B j
ryy = _[ a81r3 " ;7‘2 o 61T1] (28j)
rpq = —22leipl) (28K)
_13(a B1 B
T25 = il 312 2 (11161r3 (280)
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Where
27aB5(0) 17aB5(0) —-7B*(0)f'(0)(4—2+A2)
0) = , 0) = x 0)=——"——"5—— 29
115(0) 2(1-1) 716(0) 2(1-1) 117(0) 16/1(1_1)% (29a)
__ —aB5(0) __ B5(0)f'(0)(4-21+2?) __ —13aB5(0)
115(0) = 21D’ 119(0) = —412(1_1)% ) 720(0) = Tea1—1) (29b)
—B4(0)£'(0) (4-2A+22 B5(0)
rp(0) = ZLOET) - @=0, 1@ =12 O 1(0) =0 (29¢)
32A(1-1)2 -1
Now, substituting into (13), results to
1 _ _ 2rysi®f 3r,simlBf 3r;cos3t
n_(fsf)+n(5) =—2(1—/1f)_5[—a3’sirt+,83’cost— L 7 T 2 " 2 3 1
Af' o _ 2rysi®t 3r,si®t  3r;cos3t
+————|—a3sin+ f;cost — 3 + 3 - 8
2(1 = Af)z
—3a(1 — Af) rys + g cOSE+ 15 Si i + 795 COS2E + 119 51 1RE + 159 c0oS3E
47y, S11BL + 15, COSAT + 193 1 HT + 1y, COSSE + 15 S1 1BE]
=B —Af) Uy +r5cost +1rgsi i + 1, coS2E + 1551 RE + 19 c0S3E + 179 51 BE
+7y1 COSAL + 1y, S1 M + 775 C0OS5T + 174 S 1BE] (30a)
1
n®00,0 =0, 70,0+ (-1 0,0) =0 (30b)

Ensuring a uniformly valid solution in ¢, needs equating to zero in (30a), the coefficients of cost and si 1t
and get,

for cost:
1
By — L = 02 (o) + 3amg — ). (300)
For si it:
1
as — % = %([)’1" + 3ar, — Brg). (30d)

Equations (30c, d) are coupled equations but, fortunately, may not be solved explicitly because only £5(0)
and a4 (0) are needed, which can be obtained easily.

Thus, it follows from (30c) that

1
: ABs0)  A-NTZ, .
B3(0) = 4(111) —— (@ +3ar, — ﬁrs)L:O-

Without further simplification, it is seen that

1
' -B3(0)f?(0)(4-2+A%) (1-D)"2( 51aB%(0) , 1058B>(0)
B3(0) = G2 2] OB 2 (g70) + )

3 + (31a)
16A(1-1)2

4(1-2) 8
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Similarly, it is seen that

2 ©as©0) (1=

a3(0) = 21-2) 2

By +3ar, - Br3)| _,

This gives
© , 30-272
' B(0 0 3(1-4) 2 '
@;(0) = aB*(0) [Z2L2 + X522 (£ (05 + 1532(0))]

1
6(1-1)"2
B(0)

_ aB3(0)¢q3 _
= a0 P17 f(0)+

(£ (05 +15B2(0))

The remaining equation in (30a) is

(5)

N + N = 1,6 + 137 COS2E + 1pg 51 1RE + 159 C0S3E + 130 51 1BE + 131 COSAE + 13, 51 HE

+733 COS5E + 13, 51 16T

1
n®0,0=0, 1200 +1-nP00 =0
Where
16 = =B"(1 =)™ = 3a(1 = Af)'rys + f(L = 2f) 'y

7 = =3a(1 = Af)"'rg + B(1 — Af)7'ry

rye = 2(1— 1)z (ﬁ) A (22) —3a(1 =)o + f(1 — )7 ry

3

3
> 3

2(1=Af)

o =201 =07 () === (F) ~3e( =07 + A=D1
2

2(1=Af)

rao = —2(1 — A)7 (%) M (32) = 3a(1 = )My + B(1 = D7y

2(1—/1f)%
13, = =3a(l — Af) "ty + B — Af) My,
135 = (1 — Af)"Y(—3ary; + fr12)
133 = (1 = Af) 1 (—3ary, + fri3)

T3, =(1-— Af)_l(_&”"zs + B1i4)

27BB5(0)¢p 2 (81a? @
726(0) = 2(1-1) L ps=1 _ﬁ( 4 +B4(40))
158B5(0)¢ a?
127(0) = -2 % 96 = (1 + 20ﬁ(1—A))

125(0) = B*(0)ag,, @, = f’(0)< 3
21-21)  A(1-2f)

1 A242-2 3B(0)
S o1-a

(31b)

3lc)

(32a)

(32b)

(32¢)

(32d)

(32¢)

(326)

(32g)

(32h)
(32i)

(32))

(32k)

(321)

(32m)

(32n)

10
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1 39 23
m0(0) = B5(O)Bgs, 05 =15 (55— 2) (320)
_ —B*(0)af(0)pe _ 15 (4-A+2?
r30(0) = (1_1)% o Y=t (32/1(1—1)) (32p)
58B5(0 302
r3,(0) = %s P10 = (1 - ﬁ) (329)
r32(0) =0 (32r)
— Z5BB° (e _(t 3a?
rs3(0) = a-n - T (s + 1233(1—/1)) (32s)

734(0) =0 (32t)

The remaining equation (32a) together with (32b) is now solved to get

_ _ _ 1 _ 1 _
N (£, 1) = ryg + agcost + P si rt—§(rz7 coS2t + ryg si 1RE) —§(r29 cos3t + 130 si 1BL)

—1—15 (r31 cos4t + 13, si i) — i(r% c0S5t + 134 si 16E) (33a)
Where

as(0) = [Z+2 42472 —16(0) (33b)

ps(0) = [ 2 iy S| (1= [0 +7(0) -2 2] (330
So far, the displacement can be written as
(@) =nOF+n@E + 78+ (34)

Where
n® =@
5 Critical Values of Dependent Variables at Maximum Displacement

In order to determine the maximum displacement 7,, there is the need to first determine the values of £, t
and T at maximum displacement. Let £, t, and T, be the respective values of £,t and T at maximum
displacement and let them be expanded asymptotically as follows:

Ea = EO + ngz + 54{-4 + e (353)
tg = to+ &2ty + &ty + - (35b)
T = &%ty = E[tg + &2, + E4ty + -] (35¢)

Following (7c), the condition for maximum displacement is

ne+ &1 —2f) 7, =0 (36)

11
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By substituting (34) into (36), it is easily seen that the expansion of each term in (36) will be as follows:
& (71)(5 0) = g[ (ON (_Zt £4 L)y 2 £2 L)@
U,t 0’ - U,t f 2 + S; t4— + )U,t t + S; (tO + f tZ + )U,tf
1,0 o, 2 e -
@+ 8 E ) 28 (8 6 4 ) (0 + 82+ 0,

74 ( £2 /I T I 37
+&E%(tg + &ty + Ner T + (37a)
53,,(_3)(5 0) = 5_3[ 3 4 (525 + &4, + ) G4 E_Z(t + &, + ) 3)

K3 0 71,,; 2 4 71,” 0 2 U,tf

1e,o . _, _ 2 T -
+§{(€2 B+ E Ey ) G+ 282(E2 8 + ) (b0 + 2y + - IS,

£4 £2 RV PALCO T I 37b
+Eto+ E2 + - e+ (37b)
&Y, 0 = Mg + ] (37¢)
= 1 = _1 _1 =
Ea-nmP =8[a-0mL + @ - )N {EE + )

+£2 {(1 —~ Af)‘%n,(r“} {to + E2t, + &4+ -} + -] (37d)

1

Fa-HmP = [a-0mP + @ -0 + )
+82{@ - Af)‘%n,(f)} {to + E26, + E4ty 4+ -} 4+ o] 4+ - (37¢)

The terms in (37a — ¢), which are equated at (£,, 0), are next substituted into (36) and the coefficients of
powers of ¢ are equated to zero. The following equations, in orders of £, are obtained

0(&): 1P, 0=0 (382)
= _ _1
0(&): @ +tn®@ +nP+a-n P =0 (38b)
i} _ . ) ) )
0(&): &P +en® + E{tzzn‘(;gf + 26,tm5) + tgnfflr’f} + &0+t + 1%
2 @ -1
FA-D2EnE + {1 -} =0 (380)

etc.
From (38a), it is seen that
sitg=0, ~ t=m
where the least nontrivial value of £, has been taken.

It follow from (38b) that

12
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1
_ —{n§3)+(1—1) 277(1)"":077’(511-)}
t, = D (38d)
r][t

where

- B(0 0)(A+4 —
MG 0 =0, nPG,0) =222 {00 = ~BO). 1P 0 =0

2 |y = [OAY (38¢)
4(1- /1)2

Most terms in (38c) vanish on evaluating them but on substitution, the final simplification is

1
-|2t2 foﬂ(;;)r*' tz'l(;) +to{(1—/1) _EU,(rl)} }
,T.

t = [€3) (38f)
M
=0

The following terms are easily evaluated

(3) —-87aB3(0) €Y} _ —B2(0)f'(0) (1) _

(tO’ O) 32(1-2) 5 ntt-,;(tO’ O) - 2 5 (tO’ 0) - (B (0) al(o))

On substituting in (38f) and simplifying for t,, the following is obtained

. B(0)f'(0)(A+4 87 127

= [7< OB + (8- %) + =2 (B0 —al(O))] (38g)

128(1-2)2

where t, is yet to be determined and B"(0) is as in (22a, b), while a;(0) is as in (19b, c).
6 Maximum Displacement 7,

Using (35a — ¢), the maximum displacement 1, will now be obtained using the critical values of the
independent variables already obtained and where n, = n(t,, 74).

Expansion of each component of 17, in the following series, gives

&l = D (T, 1) = E® + (826, + &4, + -

+E2(to + E2, + £ty 0 + '“(Eo,o) (399)

8P =EnV(E, 1) = 8 + (86 + & + - P

+82(t0 + 26, + £t 0D+l (39b)
&%) = 8@ (,0) + - (39¢)

On substituting (39a — ¢) into (34), evaluated at maximum values of the independent variables, the non-
vanishing values of 7, is obtained as follows

13
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e = E10 0, 0) + Eeon + D]+ F 0L + L@ + 02 + e 47O+ @0)

where (40) is to be evaluated at (£,, 0).

To determine t,, it is noted from (7b), that
1

& (- Af @) = (1 — A @0y = [a -0 - 2(r @&+ O L

(0 fr(0)E5e?
=(1-2):2 [1 = (f (0)$2t+ > + . +>
1 /1 4 2
o) (o0 O ). |
s i= - ife- 25 “’fztz AUHGRR O L (41a)
That is
t= (1—&)%[t+€_2§21t2 + &3 + E0Qt* + - | (41b)
-f(O)A froA 1
Q= 41-2)° Q, = 121-2) _((1 /1)) (') (41c)
" 2
o =[5 () © + 4 () roro) @19

Evaluating (41b — d) at maximum values, gives
1 . — —

fo= (1= D2[ty + E2Q,t2 + E*Q,t3 + £0Q,td + -+ (42a)
Expansion of £, and t,, using (42) and equating coefficients of 0(1) gives

_ 1

to =T = (1 _A)Zto

1
to=m(l—2A)2 (42b)

Similarly, evaluating the coefficient O(E_ 2), casily gives

_FO)A+4 .
t, = L’s) = (1= A)z[t, + Q,t5]

4(1-A)2
oty = (OO _ o (420)

4(1-2)2 (1-2)
etc.

To evaluate the maximum displacement 77, as in (40), it is necessary to note the following values as
evaluatedatt =ty and 7 = 0:

aB3(0)
1-1

n(l)(Em 0) = ZB(O)a 71(3) (EO! 0) =

14
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- 2BB5(0
ﬂ(s)(to' 0) — BB>(0)p12

2795 _ o, _ 910
1-1 ’

where @1, = 6~

— B*(0) ' 5 6 , 2-1-22 £1(0)
% (£, 0) = =, where gy = £1(0) (E - E) +£(0) (T) — 1 [O

On evaluating the maximum displacement after evaluating (34) at maximum, it follows that

— 3 z3 5 z5
o = 23(0)5 n aB i()_)j Q1 + 2BB ((1)_514012(22 4o (43a)
Where
_ 14 [ @00
A =1+—70 (43b)
_ 1-1 BO)f (0A+8)t; | BOE | 5 (preay toB*(0)@14
Q=1+ zﬁss(o)(plz{ 4(1-2) Tt (B (0) al(O)) T } (43¢)

7 Dynamic Buckling Load, 4,

For the purpose of determining the dynamic buckling load A4, it is necessary to rewrite (43a) simply as

Mo = C1§ + G538 + Cs8° + -+ (44a)
Where
3 5
€, =2B(0), C="0% = 22 00me (44b)

The dynamic buckling load 4, is supposed to be determined by using the equivalent form of (4), in the form

da
oo =0. (44c)

However, as noted by Amazigo [24, 25], the series (44a) becomes unbounded when 1, > 1,p, where 1, is

the maximum displacement at dynamic buckling. The difficulty is overcome by reversing the series (44a) so
that

& =ding +dsny +dsni + - (45a)

The coefficient d;, d; and dg are obtained either by using Lagrange’s formula for reversion of series [23] or
by substituting in (45b) for 1, and equating coefficient of powers of &.

Adopting the latter, it follows that

_r__1 G _an
dy = ¢, 2B(0)’ ds ct T 162 (45b)
de = 3636 _ C_s(l _ 3632) _ B912Q2015 9rs=1— 3a%0f (45¢)
> cf c$ C1Cs 32B(0) ’ 15 4B P12Q2

It should, however, be noted that each of d;, d; and ds depends on the load parameter 1. The maximization
(44d) now yields
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d§ _ o _ d(dy) dA d(ds) di d(ds) da
ana 0=="1 dng YT Tan dng o 3danap + =25 dl dng @ T 5dsMap.
This implies, through (44c)
dl + 3d377:21D + SdsngD = 0 (46a)
Where
Nap = Na(4p)
From (46a), it follows that
nz — _3d3 i 9d§ - 20d1d5
ab 10d;
Taking the negative square root sign, results to
6Q1( )<P16
2 B
Mlap = 5¢129015Q2(1-2) (46b)
1
80(1-1) 91291502
P1e=1+ {1 (ng) } (46¢)

“Map = f(l /1)__ <<P12<P)1(Z(122> (46d)

The dynamic buckling load is next obtained by evaluating (45a) at dynamic buckling stage. This is now
obtained by first multiplying (45a) by 5 to get

5§ = nap[(5d; + 5d3n2p) + 5dsngp] (47a)
Making 5dsn2, the subject in (46a) and substituting same in (47a), gives
5§ = 2ngp (2d; + d3nZp) (47b)

After simplifying (47b), it seen that

$912015Q2 40 012¢015Q2(1-2p)?

51, =2 \/5(1 - ,1,3)§ (ﬂ)i [1 + M] (48a)

It has to be noted that each ¢; and Q; depends on Aj so that the result (48a), which determine A, is also
implicit in 4.

Using (6f, g), it is possible to relate the dynamic and static buckling loads to get

(48b)

A _ 20272 (Q1<ﬂ15 )3[1+ 302 o ]

As (1—15)R2(R1—1)% ©12915Q2 40 912915Q2(1-1p)?
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8 Analysis of the Result

The result (48a) is implicit in the load parameter A, while (6f, g) are implicit in the static load parameter Ag.

Similarly, (48b) is implicit in both Ag and 1. As observed from (48b), the relationship between A, and A is
independent of the imperfection parameter & but once any of Ag or A, is specified, then the other can easily
be obtained. Generally, the results (6f, g) and (48a) are valid for small values of the imperfection
parameter, &. It is here demanded that @ > 0,5 > 0 and observe that as far as the loading history f(7) is
concerned, the dynamic buckling A, depends on £'(0), £7(0) and £"(0), all depending on the accuracy
retained. For higher degrees of accuracy of the result, one may expect dependence of A, on higher
derivatives of f(7) evaluated at the initial time t = 0. As in equation (3), the analysis has tacitly required
that | f (f_ 2 t)| <1, t>0.However, has long as the inequality 0 < A4 < 1 holds (which has been assumed
in this work), this analysis equally holds for |f(£2t)| < 1, and so, equally holds for the case f(t) = 1, i.e.,
for the step loading case. Thus, by setting to zero in all the results, the derivatives of f(7), such as

£'0),f(0),f 2 (0) etc., the result for step loading case can easily obtained.

Fig. 1 and Fig. 2 were drawn using f(t) = e%, t = £t. This choice of f(t) satisfies all the conditions
stipulated in equation (3).

Q
~ 1
0.8
0.6
0.4
0.2
0
£

S P X O DD O A0
0‘0 Q‘Q 0'0 Q‘Q Q'Q Q"\/ 0"\’ Q"\/ Q"\’ Q"\/

S S S R R SR
005 0.10 015 020

Fig. 1. The graph of static buckling load A for Fig. 2. The graph of dynamic buckling load 4, for
various values of ¢, using (6g) witha = 1, various values of ¢ , from eqn. (48a), witha = 1,

B=1. B=1.
9 Conclusion

This analysis has carried out a perturbation approach in analyzing the dynamic buckling load of a cubic-
quintic nonlinear elastic model structure struck by an explicitly time-dependent slow-varying load. The
results are asymptotic in nature. It has been shown that the dynamic buckling load A, depends among other
things, on the first derivative of the load function evaluated at the initial time t = 0. It is observed that it is
possible to relate the dynamic buckling load A to its static equivalent Ag and that relationship is independent
of the imperfection parameter . Hence given either of the Ag or Ap, the other can easily be evaluated using
the relationship.
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