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Abstract

The aim of the article is to extend the concept of Ideally statistical convergence from 2 normed
spaces to n-normed space. We have also study and prove some important algebraic and
topological properties of Zdeally-statistical convergence of real sequences in n-normed space. In
the last part of this article we obtain a criterion for Z-statistically Cauchy sequence in n-normed
space to be Z-statistically Cauchy with respect to ||.||cc-
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1 Introduction

The concept of statistical convergence was introduced by Steinhaus in 1951 but the extension
of convergence of real sequences to statistical convergence was given by Fast [1]. We can find its
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applications in many areas of mathematics like number theory, trigonometric series and summability
theory. Also Maddox [2] extended the concept for sequences in any Hausdorff locally convex
topological vector spaces. In the case of real sequences, Fridy and Orhan [3] obtained the statistical
analogue of the Cauchy criterion for convergence.

Let K be a subset of N. Then the asymptotic density of K is denoted by

S(K) = lim L[k <n:ke K|
n

n— oo

where the vertical bars indicate the cardinality of the set.

A sequence x = (zy) is called Statistically Convergent to L if for e > 0

d({keN:|zy—L| >¢€})=0.

We write this as st — limg_y00 xx = L

It is known that, Z-convergence (where Z stands for ideal) is generalization of the statistical
convergence and it was introduced by Kostyrko et al. in [4]. It was further studied by Demirci[5],
Das et al. [6], Saldt et al. [7], and many others.

Definition 1.1. A family of sets T C 2% (power set of X ) is said to be an ideal in X if
1)pel.

2) T is additive i.e VA, B€Z = AUB €I,

3) T is hereditary i.e VA € Zand BC A= B € T.

A non-trivial ideal Z is called admissible if {{z} : « € X} C Z. 7 is maximal if there cannot exist
any non-trivial ideal J # Z containing Z as a subset.

Definition 1.2. A non-empty family of sets F C 2V is said to be filter on N if and only if
1)¢¢F,

2)V A, B€F we have ANB € F,

3)VAcF and ACB= BecF.

If 7 is a proper ideal of N then the family of sets F(Z) = {M C N:3A € T: M = N\ A} is a filter
of N. It is called as filter associated with the ideal.

Let N,R and C denote the set of natural, real and complex numbers respectively. The set of all
sequences is denoted by w. Any subset of the w is called sequence space. A sequence(xi) € w is
said to be Z-convergent to a number L if for every € > 0, {k € N: |z — L| > €} € Z. In this case
we write Z — limzx = L.

For more details please see [§] and [9]

The theory of 2-normed spaces was first introduced by Géhler[10] in 1964. Later on it was extended
to n-normed spaces by Misiak [11] . Since then many mathematicians have worked in this field and
obtained many interesting results for instance see Gunawan[12],[13], Gunawan and Mashadi[14],
Yamanci and Giirdal [15], E. Savas([16], [17], [18]) and so on. Let n € N and X" be a linear metric
space over the field K of real or complex numbers of dimension d, where d > n > 2.

Definition 1.3. A real valued function ||-,....,-|| on X™ satisfying the following four conditions:
(D||z1, 2, ..., zn|| = 0 if and only if x1,x2, ..., s are linearly dependent;
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(2)||z1, T2, ..., Tnl| is invariant under permutation;
(3)|laz1, z2, ..., zn|| = |a|||z1, T2, .oy TR || for any o € K; and
llx+ 2, 2, .oy || < |2y 22, ooy 20| + |27, T2, ooy T |-

is called an n—norm on X and the pair (X, ||, ....,-||) is called an n—normed space over the field K.
Example 1.4. If we take X = R", equipped with Euclidean n-norm
|z1, 22, ..., Zn||E = vol(n — dimensional parallelepiped)

spanned by the vectors x1,x2, ..., Tn.
It may be given by the formula ||x1,x2, ..., xn|| g = |det(xs;)|, where x:; = (i1, Tiz, ...y Tin) € R™ for
eachi=1,2,3,...n.

The standard n-norm on X, is defined as:

S

(x1,z1) . . . (T1,Zn)
”ml?x%-'-vanE = . e . ,
<CC1,J31> . . . <CL’1,J31>

(.,.) denotes the inner product on X. If X = R", then this n—norm is exactly the same as the
Euclidean n—norm ||z1, 2, ..., 2, || mentioned earlier. For n = 1 this n—norm is the usual norm

1
lzll = (z1,21)>.
A sequence (zr) in an n—normed space (X,|-,...,-||) is said to converge to some L € K if
lim ||zx — L, 2z1,...2n-1]| =0  for every zi,22,...2n—1 € X.
k—oo
A sequence (z)in an n—normed space (X,|,...,:]]) is said to be Cauchy if klim |lze —
,p—»oo
Tpy 21, 2n—1]| =0 for every z1,z2,...zn—1 € X.

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with respect
to the n-norm. Any complete n- normed space is said to be an n-Banach space.

Example 1.5. Let T = Is where Iy = {A C N : §(A) = 0, then Zs is an admissible ideal in N
where ideal convergence coincides with statistical convergence.
Define the sequence (zr) in n-normed space (X, ||.,...,.|| by

S 0,....k), k=1i%ieN,
k= (0,...,0), otherwise.

let x = (0,...,0). Then for every € > 0 and x1,T2,....,Tn—1 € X
{keN: |z —x,z1,22,....xn 1] > €} C {1,4,9,16,...,k°}.

Also we have that §({k € N : ||zr — z, 21,22, ..., Tn—1|| > €}) =0 for every e > 0.
This implies that T — klim |2k, T1, 2, ooy Tn-1]| = ||z, 1, T2, ..., Tn—1]|| but the sequence (x) is not
—00

convergent to x.

2 Z-Statistical Convergence and Z-Statistically Cauchy
Sequence in n-normed Space

Now we give some useful definitions and examples based on Z-Statistical convergence and Z-
Statistically Cauchy sequence in n-normed space.
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Definition 2.1. Let Z C 2" be a non-trivial ideal in N. The sequence (z1) of X is said to be
TI-statistically convergent to & if for each € > 0,3 § > 0 such that for all z; € X,i = 2,3,4...n the
set

1
{n eN: ﬁHk <n:llzk — &, 22,23, .20 > €} > 6} er.
or equivalently if for each € > 0
57(An(€)) = T — lim§,(An(e)) = 0
where (A, (€)) = {k < n:||lzr—& 22, 23,...2n]| > €} and 6, (A (€)) = W. If (x1) is Z—convergent
to & then we write Z — st — limg o0 || Tk — &, 22, 23, ...2n|| = 0 or Z — st — limg o0 ||k, 22, 23, ...2n ]| =

[|€, z2, z3...2n||. The number £ is called the Z— limit of the sequence (zx).

Remark 2.2. If (zx) is a sequence in X and & is any element of X then the set
1
neN: ﬁHk <n:llzk —& 22,23, ..2n|| > €} >0 =0

since if z; =0, for i=2,3,4..n then ||zx — &, 22,23, ...2n]| =0 F €

Definition 2.3. Let T C 2" be a non-trivial ideal in N. The sequence (x1,) of X is said to be
TI-statistically cauchy sequence if for every € > 0, 6 > 0 and all nonzero z; € X,i = 2,3,4...n there
exrists a number N, dependent on € such that

1
51{n eEN: —[{k<n:|zr —TN(), 22,23, ...2n]| 2> €} > 5} =0,
n
i.e for every mon zero z; € X,

1
{n eEN: ;Hk <nc:l|zp — TN(e), 22, 23, - 2n|| > €] > 5} eT.

3 Main Results

Theorem 3.1 Let z, be a sequence in n-normed space (X, ||.,...,.]|), Z be an admissible ideal
and L,L/ € X. For each z; € X, if I—st—klim lxk, 22, 23, ...zn|| = ||L, 22, 23, ...2n|| and Z-st-
—00
lim ||zk, 22,23, ...2n|| = HL/,zz,zg,...an then L = L.

k— o0

Proof: Assume L # L'.Then L—L' # 0, so there exist nonzero z2, 23, ...z, € X, such that L — L
and 22, 23, ...z, are linearly independent ( such z; exist as dimension of X, d > n). Therefore for
every € > 0 and § > 0,

1 ’
El{k <n:||L—L, z, 23 ...2n] > €} = 20.

Now,
1 /
—H{k<n:||[L—zp+xx— L, 22, 23,..20] > €}| = 20,
n

1 ’
Lk < I = )+ (@~ L) 222020l 2 ) = 26
1 1 /
ﬁHk <n:|(zk — L), 22,23, ...2n || > €} + EHk <n:l|(xkx — L), z22,23,...2n|| > €}| > 20,

1
{n eN: ﬁ‘{k <n:||(zkx — L), 22,23, ...2n]| > €}]| < 5}
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- {n €N %\{k <nil(@r—L), 22, 2, ]| > €} > 6, }

but 61{71 eEN:L|{k <n:|(zx — L), 22,23,..20]| > €}| < 5} = 0 and hence contradicting the fact
that =, — L’ (Z-st-lim).
Theorem 3.2 Let Z be an admissible ideal. For each z; € X,

(1) If Z-st-limp—oo [Tk, 22,23, ...2n]| = ||z,22,23,...2n] and Z-st-limp_oo ||yk, 22, 23, ...2n|| =
lly, 22, 23, ...zn|| then Z-st-limp— oo ||k + Yk, 22, 23, ...2n|| = || + Y, 22, 23, ...2n||

(i1) If Z-st-limg oo ||k, 22, 23, ...20|| = ||ax, 22, 23, ...2n || for a € R.

Proof:(i) Let Z-st-limg—, o0 ||k, 22, 23, ...2n || = ||z, 22, 23, ...2n || and Z-st-limk_s o0 ||Yk, 22, 23, ...2n|| =

lly, 22, 23, ...zn|| for every nonzero z; € X, then §z(K1) = 0 and dz(K2) = 0 where
1 5
Ki=Ki(e) : =<neN: EHk <n:||zk — =z, 22,23, ...20| > €} > Q

and . 5
Ko = Ks(e) := {n eN: ﬁ‘{k <n:llye —y, 22,23, .20 > €} > 5}

for every z; € X. Let
1
K =K(e) := {n eN: ﬁHk <n:|(ze +yr) — ( +y), 22, 23, ...20|| > €} > 5}
To prove that 07(K) = 0 it is sufficient to show that K C K1 U K». Let ko € K. Then

1
L1tk < ow k) — (@4 9), 22,75, 20 2 €} 2 6 (3.1)
Suppose to the contrary that ko ¢ K1 U K». Then ko ¢ K1 and ko ¢ K». This implies

1 )
E‘{k <n:l||zk, — w22, 23, ...20]| > €} < 7
1 5
Litk < kg — 9222230l 2 e} < 2.

Then, we get

1 1
EHIC <n: ||(5Uk0 +yk0) - ($+y),22723, Zn” < El{k <n: ||5Uk0 - 13,2272:3,...,2””

1
=+ E‘{k S n: ||y’€0 - y722,23,...2n|‘

_o e
2 2
= 67
which contradicts (3.1). Hence ko € K1 U Ko, that is K C K1 U Ko.
(i) Let Z-st-limg oo ||k, 22, 23, ...2n|| = |2, 22, 23, ...2n||, @ € R and « # 0. Then
1
{n eN: ﬁl{k <n:l||zk —x, 22,23, ...2n| > i'ﬂ > 5} el (3.2)
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Then since ||azr — azx, 22,23, ...2.|| = |a|||zx — z, 22, 23, ...2n||, we have

1
{n eEN: ﬁHk <n:llze — x,22,23, .20 > a}| > 6} €T,

{nGN:lHkSn: lalllen — 2,2, 28, 2n]| > €} 25} €1,
n

1
{n eEN: —{k <n:|laxk — az,z2,23,...20] > €} > 5} er.
n

Hence from equation (3.2) we get Z-st-limx—s o0 ||azi, 22, 23, ...2n|| = ||az, 22, 23, ...2n||, for every non
zero z; € X,1=2,3...n.

Recall that we assume X to have dimension d, where 2 < n < d < oo, unless otherwise stated. Let
u = {u1,...,un — 1)} to be a basis for X. Then we have the following:

Theorem 3.3 Let Z be an admissible ideal. A sequence (z) € X is Z-statistically convergent to
z € X if and only if Z-st- lim ||zp — @, us, ui, ..., u; || = 0 for every i = 1,..., (n — 1).
k—oo N———
(n—1)

Proof: Let (zr) € X is Z-statistically convergent to x € X. Then by the definition of
Z-st-convergence, we have

I—st— lim ||z —,22,23,..., 2| =0
k— o0
Then Z-st- lim ||zx — @, us, Us, ..., u; || = 0 for every i = 1, ..., (n — 1), is trivial since every z; can be
k—oo N e’

(n—1)times

expressed as a linear combination of u;, for ¢ = 1,2,3....(n — 1)
Next we prove the result conversely.
Let us assume

Z—st— kl;rl;o lze — @, ui, wi, ..oy uil]] =0 for every i=1,..,(n—1), (3.3)
We want to show that

{n EN: %|{k < on — @, 22, 23, e 2| > €} > 5} (3.4)
For this, Let us consider the n-norm
|k — x, 22, 23, ..., 20|

Also as u = {u1,...,u(n—1)} is a basis of X, then we have

n—1 n—1 n—1
_ 2 _ 3 _ n
Z2 = Q; Uzy R3 = a; Usg, Zn = Q; Ug
i=1 i=1 i=1
This implies,

n—1 n—1 n—1
Hl’k — T, 22,23, Z’ﬂH = ||$k -, Z alzu’ia Z CM?’U,»L‘, seey Z Q?U»LH
=1 1=1 =1

As n is any positive integer, we have

n—1 n—1

n—1
lzr — x, 22, 23, .., Zn|| < ||n(2k — ), Za?ui, Z g, .y Z o ug |
i=1 =1 1=1
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Using triangle inequality and distributing corresponding components for each z; over n-norm we
get

||1"k _:L‘7Z27Z37“'7Zn|| < H(xk _:r)v Q%Uh ailsulw'wayllul ||

(n—1)
+||(zx — 2), Qdug, adus, ..., alus I+ ...
(n—1)
2k =), Alne1)Un—1)s An—1)Un-1); - Aln—1)Un-1) |-
(n—1)

Let maxof = a1, Vi=2,3,4..n., similarly let maxaf, ;) = qm-1), Vi=2,3,4,..,n.
Substituting these values in above equation, we get

lze — x, 22, 23, ..., znl| < ||(zk — @), caul, cqul,...,ciut]l + ||(zk — ), asus, asus,..., asusl|

FooF(@E = 2), A1) Un—1)s CEn—1)U(n=1), -+ CE(n—-1)U(n—1)]|

-1
i

<Jaa[* M@k — ), ur, ut, e wn || + |z (zk — ), u2, U2, ..., uz||

Foo Al " (@r = ), U1y Ugn—1)s s Un) |
By our assumption in equation (3.3) we have,
I—st—klim lze — @, us, wi, ..., us]] = 0 for every ¢ = 1, ..., (n — 1), which implies,
— 00
{n € N : %’{k < {Jea" H(xe — @), un,u, || A 2| (ke — ), w2, g, s uz|| e

laon " HI(@r — 2), Un-1), Un—1), - Un—1) ||} > €(n_1)-}’ > 5}

Hence we have
1
nGN:E|{k§n:||xk—x,22,23,...,zn||Ze}|25 -
R (TR [N R Pt P
n : = : — ), UL, ULy .y >——1} >
n < k 1, U1 1 a1
olnen: Yk <n: (ln—2)um il > 3 56
'n = . k y W2, U2, ..., U21(| Z |a2|n—1 —

1 €n—1
U...U{n eN: f‘{k <ncA{|[(@r—2), Un—1)s U(n1)s - Un—1) ||} > 77171}’ > 6}
n la(n—1)]

which gives,
1
{n €N : ﬁl{k <n:l||zk —x, 22,23, ..., 20| > €} > 5} C
{n eN: Ltk <n: {l(@n —2),un, 01w > L}’ > 5}
n |ou |

U{n EN: l‘{k <n:A||(zk — 2), uz2, uz, ..., u2|| > L}’ > 6}
n |az|
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1 €
U---U{” EN: ﬁ‘{k < (e —2), Utn-1), U(n-1), -+ U(n-1) ||} > T}. > 5}

n—1)|

Since the right hand side of the above inclusion belongs to ideal, so does the left hand side.
Consequently, we get I—st—klim |lzx — x, 22, 23, ..., 2n|| for every nonzero z; € X. This proves the
— 00

result.

Following theorem 3.3, we have the next lemma:

Lemma 3.4 Let I be an admissible ideal. A sequence (zx) € X is I-statistically convergent to x in
X if and only if I—st—klim maz||rr — T, Ui, Ui....us]| = 0,Vi = 1,..., (n — 1).
— 00

Definition 3.1. In the light of lemma 3.4, we can define a norm on X, denoted by |||, with
respect to the basis u = u1, ..., uq, by

|z]loo = max{||z, ui, s, ...,ui || 4 =1,2,...,d}
————

(n—1)
Using the derived norm ||z||cc, Lemma 3.4 now reads:

Lemma 3.5 Let I be an admissible ideal. A sequence (zx) in X is Z-statistically convergent to
z € X if and only if I—st—klim |zK — z||eo = 0.
— 00

Associated to the derived norm |.||, we can define the balls B(xz,e) centered at x having
radius € by
B(z,e) :={y: [z —yllo <€}
where ||z — y||oo = max ||z — y, wi, Ui, ..., Us ||
—_————
(n—1)
Using these balls, Lemma-3.5 becomes:

Lemma 3.6 Let I be an admissible ideal. A sequence (zx) in X is I-statistically convergent to x
in X if and only if 6z(A,(e)) =0, where A,(€) = {k <n:zk ¢ B(z,€)}.

Theorem 3.7 Any Z-st-Cauchy sequence (zj) in an n-normed space (X,|.,...,.|]) is Z-st-
convergent if and only if any Z-st-Cauchy sequence is Z-st-convergent with respect to ||.||cc-

Proof: From previous result, it is clear that Z-st-convergence in n-norm is equivalent to that in
|l-llcc- That is for all z; € X,i=2,3,..n

Z—st— lim |or — 2, 22,...2,|| =0
k—o0

<7 —st— lim ||zr — || = 0.
k—oo

It is sufficient to show that (zx) is Z-st-Cauchy sequence with respect to n-norm if and only if it
is Z-st-Cauchy sequence with respect to ||.||cc. Let (xx) is Z-st-Cauchy sequence with respect to
n-norm. Then there exists N € N such that for k,m > N we have

1
{n eN: ﬁHk <n:||Tk — Tm, 22,23, ...2n| > €} > 5} ez
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Consider,
|k — Tm, 22, 23, ...2n|| > ¢,

Then from lemma 3.3, we have ||xx — Zm, Ui, Us, ...us]| > € for all i = 1,2...n.
Hence max ||Tk — Tm, Us, Us, ...us]| > € for all ¢ = 1,2...n.

By definition, it gives ||zx — Tm |0 > €.

Therefore (zy) is Z-st-Cauchy with respect to ||.||sc-

4 Conclusion

In this study, we develop the concept of Ideally-statistical convergence of sequences over n-normed
space. Related algebraic and topological properties have been proved. The construction of max-
norm of sequences over n-normed spaces lead to develop criterion for Z-st-Cauchy sequence to be
TI-st-convergent.
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