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Abstract

Median as a measure of location gives a more robust estimate than the mean when dealing with heavy tailed
or skewed distributions. It can also be used in cases of qualitative variables and open end intervals.
Calibration, an approach that adjusts the original design weight by incorporating auxiliary information is
employed using the chi square distance measure on a ratio median estimator under stratified random sampling
to propose some estimators of population median. These proposed estimators are: the regression and ratio-
type calibrated estimators with one constraint and the regression and ratio-type calibrated estimators with two
constraints. The estimators of variance of these proposed estimators are also obtained. Empirical
investigations on the performance of these estimators are carried out using R software simulated data set
under underlying distributional assumptions of Cauchy and Lognormal, for sample sizes of 10%, 20% and
25%. The results showed that the proposed regression and ratio-type calibrated estimators with one constraint
and the regression-type calibrated estimator with two constraints were more efficient than the existing ratio
estimator and the proposed ratio-type calibrated estimator under two constraints for both Cauchy and the
lognormal distributions.

*Corresponding author: Email: agbebiacatherine6@gmail.com;

Asian J. Prob. Stat., vol. 21, no. 4, pp. 64-77, 2023



Agbebia and Enang; Asian J. Prob. Stat., vol. 21, no. 4, pp. 64-77, 2023; Article no.AJPAS.97063

Keywords: Median; calibration; ratio-type estimator; regression-type estimator; stratified random sampling;
auxiliary variables etc.

1 Introduction

The median is a commonly used measure of properties of a data set in statistics and is most times regarded as a
more appropriate measure of location than the mean because it is not skewed so much by small proportions of
extremely large or small values and so may give a better idea of a typical value. Auxiliary variables provide
more efficient estimators through the relationship that exist with the study variable. Whenever there is auxiliary
information available, the investigator may want to use it in the method of estimation through either the ratio,
product or regression estimators to obtain more efficient results. Calibration was first introduced by Deville and
Sarndal [1] as a technique for minimizing a distance measure between an initial weight and a calibrated weight
subject to a single calibration constraint. Also, Singh and Arnab [2] obtained a calibrated mean estimator using
two constraints. The second constraint confirmed that the sum of calibrated weight was equal to the sum of
design weight. Some other key references on calibration include: Clement and Enang [3], Heldal [4], Kayuncu
and Kadilar [5, 6], Kim and Park [7], Sandeep [8], Mouhamed, EI-Sheik, and Mouhamed. [9] etc

In stratified random sampling, calibration approach is used to adjust the strata weight for improving the
precision of survey estimates of population parameters. Kuk and Mak [10] proposed a ratio estimator for
population median in simple random sampling which was a modification of the ratio estimator for mean
alongside with two other estimators derived from different approaches. Aladag and Cingi [11] motivated by Kuk
and Mak, suggested ratio median estimators in stratified random sampling. They also dealt with the estimation
of population median in simple and stratified random sampling using auxiliary information such as mode, range
and correlation coefficient. In existing literature, authors like: Aamir, Shabri, and Isaq [12], Baig, Masood and
Tarray [13], Enang, Etuk, Ekpenyong and Akpan [14], Garcia and Cebrian [15], Gross [16], Jhaji and Bhangu
[17], Meeden [18], Price [19], Sharma [20], Singh and Joarder [21], Singh, Singh and Martinez [22], Singh,
Singh and Upadhyaya [23], Singh and Solanki [24], Solanki and Singh [25], Tracy, Singh and Arnab [26], have
provided modification to the sample median estimator. Though, these proposed estimators are improvement
over existing median estimators, no effort has yet been made to developing a median estimator using calibration
approach.

In this study, new median estimators are developed using the approach of calibration under single and double
constraints.

2 Existing median estimators in stratified random sampling

Let U =(U,,U,,..U, )be a finite population of size N, Y be the study variable and X the auxiliary variable
associated with each unit U, (i =1, 2,3...N) of the population.

Suppose the population consist of H strata with N,,(h=1,2,3...H) units in the h™ stratum such that

H
Z N, =N . A simple random sample without replacement of size n, is drawn from the ht" population
h=1
S ith h
stratum N, such thatz N, =N. Let y,, be the characteristic of interest for the i"" element in the ™ stratum
’ h=1

and X,; be the auxiliary information for the i" element in the h™ stratum.

Assuming that M, and Mhy are population medians in the h™ stratum for both the auxiliary and the study

: : : . : ot th
variable, m,and m,, are respective sample medians, p,, ,,  is the correlation coefficient in the h™ stratum
y nx Mhy

between sampling distributions of M, and M, which is defined as py, , =4p, —1and p, is the
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proportion of units in the h™ stratum of the population with Yh<Mhy and X, <M, . Let

H H H
M, :Z:WthX and M, :ZWthy be the population weighted medians, m, :ZWhmhx and
h=1 h=1 h=1

H
My = Z\thhy be the sample weighted medians for X and Y respectively.
h=1

Aladag and Cingi (2015) proposed a separate ratio median estimator under stratified random sampling as:

Myt = 5w, T
v =) W, —=M,, (1)
her My

X
with:

A H
Bias(Mom) = > W, 4,M, (Cl. = Au,a, Cun, Cui, |
h=1

(2)
and variance
A H
V(Mygy) = thzﬂh M ﬁy (Cﬁhy + Cl\zllhx - 2thxMhyCMhyCth ) @)
h=1
Where,
_ (1_ fh)
& 4n,

2 -2
Ch. =[ M, Fy(M,,) ]
2 -2
CMhx = [thth(th)]
Fx (M) and F (M, ) are the distribution functions of the auxiliary and the study variables X and Y

respectively.

2.1 The proposed calibrated ratio estimators under one constraint

Motivated by Kuk and Mak [14] and Aladag and Cingi [1], a new ratio median estimator under one constraint is
given as:

A H mh
M yre1 = ZWhl —M,
e T @
With Wh*l (calibrated weight) is obtained such that a chi square distance measure of the form:

S h*l_Wh ’
Z(W )

m 2W.0, ®)
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is minimized subject to a single constraint:

H
thjlmhx = M X
h-1 (6)

Where Wh*l is the calibrated weight, (], are positive weights uncorrelated with Wh*l, called the tuning parameter

and W, is the initial design weight.

Minimizing (5) subjected to (6) gives the calibrated weight as:

. W. g, m H
Wiy =W, + 1 T (M, _thmhx) ()
Z\thhmﬁx "
h-1

Substituting (7) into (4) gives

~ H WhmhyM . Zthh H
M vre Z m H (MX—ZWhth)
"= ZWthmhx "
(8)
Equation (8) can be written in form of a generalized regression (GREG) estimator as:
Myrer = MYR+ﬂst.l(Mx _mxst) (©)
A HW,m, M, H
Where Mg z is the estimator in (1), m,, = ZWhth is the estimator of the auxiliary
h=1 hx h=1
N ZWthmhy M
variable M and By, =
Z\thh hx
By letting ¢, =1, equation (8) gives
H
A H Whmh M zwhmhthx H
Mygen = 3 — Py el (M, =D W,m,,) (10)

— m —
"= hx th mt?x "=
h=1

which is the proposed regression-type calibrated estimator of the population median Myin stratified random
sampling under single constraint.
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1
Also, letting q, = ——, equation (8) becomes the proposed ratio-type calibrated estimator of the population
hx

median M y in stratified random sampling under single constraint i.e

iw mhy hx
H W, m, M, m H
|\/| YRC12 = Z - = m (M, - ZWhmhx) (11)
h=1 hx W m h=1
hz h' " 'hx
2.2 Bias and variance estimators of the proposed calibrated estimators under one
constraint
-M m —-M
Let €, = M = Mo g €y = v (12)
th |vlhy
Where E(e,)=E(e,)=0
E(en) =4Cn,,
E(eﬁy) = //i'hCMh
E(ehxehy) = ZhCthCMhprthhy
Such that m,, =M, (1—e,)and m =M (1-e) (13)
1-f
& =(—nh) and PMiyMyy :4phu -1,
h

Py,, is the proportion of units in the h™" stratum of the population with Y, <M, and X, <M,,.

Expressing (4) in terms of the ‘e’ terms in (13) above, we obtain

A H
M yrc1 = ZWh*ll\/l ny (L€, )L+ e.)"

e (14)

(1 + ehx)_1

<
Assuming |th| <1 , the Taylor series expansion on is obtained. By substituting, multiplying out

and ignoring terms with €€, of higher order than two, we obtain:

A H
* 2
Myerer = D WM, (L+e,, —€, —€.&, +&) (15)
h=1

N H
(M yre1— M, )= th*lM hy (ehy T Ch ~ ChnCiy + eﬁx) (16)
h=1

Taking the expectation of both sides of (16) and using the results for the expectation of the ‘e’ terms above gives
the bias to the first order of approximation as:

68



Agbebia and Enang; Asian J. Prob. Stat., vol. 21, no. 4, pp. 64-77, 2023; Article no.AJPAS.97063

A A H
Bias(Mvec1) = E(Myrei—M ) = > WM, E(e,, —€,, —€,&, +€2)
h=1

A H
Bias(M vac1) = ZWh*lM ry (C|\2/|hX —Cu, Cu,, Pum,,) 17)
h=1

Squaring both sides of (16) , taking its expectation, substituting the results of the e terms above and retaining
terms to the second degree, gives the variance to the first order of approximation as:

A A H
V; (Myre1) = E(Myrei— My )* = Z Wy;)*M ﬁyﬂh (Cl\zllhy + Cr\2/|hx - ZCMhXCMhy thxMhy)
h=1 (18)
And variance estimator:

A A H A2 A2 A A N
V1 (Mygre1) = > W,)’m3 4, (Cwm,, +Cwm,,—2Cwm,, Cw,, Py, )

h=1

or
vﬂ(h?lm)=Z(\Nh’;m((ﬁhy(Mhy»2+f<m(F<th))2—2F€m<ﬁnx(th)ﬁhy(Mhy»%MMMW] (19)

Where,

x (20)

A

Pw,m,, = the correlation coefficient in the h™ stratum sample between the sampling distributions of my, and my,

A2 A -2
CMhy :(mhy F(Mhy)j

(21)
A2 A -2
Cth = (mhx F(th))
(22)
n _Zh”t:ilA(Mhy =Yi)
th(Mhy) =4 o
ﬂ’il
& (23)
N nzh”rﬁlA(Mnx = X)
Fm(th)zii:1 o
;”hi (24)

7r,; = —> is the inclusion probability for the i element inthe h™ stratum and Apy :{(l)'ﬁszwhere

i
h

Now substituting for the calibrated weight from (7) we obtain:
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W2 =W+ v, S wm,) (25)
ththhx =
h=1

Setting g, =1, we obtain

. W, m,, ul
Wi )2 =| W, + TR (Mx_zwhmhx)
> W,mp, n=

(26)
1
Also, setting I = m,, W obtain
X

WM, (27)
th mhx

(\Nhlz) =

Substituting (26) into (19), we obtain the variance estimator for Regression-type Ratio calibrated estimator
under one constraint as:

2

H A /\2 A
Vi (M) = 3| Wy + MM v S wim,) | 4, [(th(Mhy»z +Ru(Frn(M,,)?
h=1 Z\thhx h=1
h=1
—2Rm(Fy, (M) Fiy (M) ™ Py ) (28)

Also, putting (27) into (19), we obtain the variance estimator for the ratio-type calibrated estimator under one
constraint as:

2

A A A H W M A A2 A
VT(MYRClZ):E(MYRCl_MY)Z:z e (th(Mhy))_z+Rm(FhX(th))_2

h=1
ZWh mhx
h=1

-2 Rm(th (th) Fry (M hy))il thxMhy)
(29)

2.3 The proposed calibrated ratio estimators under two constraints

Motivated by Singh & Arnab [15], a new median estimator is also obtained using calibration under two
constraints as:

H
¢ thmhy h

M vre2 =Z

1 Mh (30)

X
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whereW,, are calibrated weights chosen to minimize the chi-square distance measure:

-W,
5 W, —Wh)* o
o 2W.G,
Subject to two constraints:
H H
thz = Z\Nh (32)
h=1 h=1
H
Z\thmhx = M X (33)
h=1

The calibrated weights under two constraints are obtained by minimizing (31) subject to (32) and (33) as:

W,q,m,, (th d,) —W,d, (thqhmhx
Wh*z =W, + h - (Mx _thmhx) (34)

(ZWth me, )(th d,)— (ZWh 0nMy)? "=t
h1 h1 h1

Substituting (34) into (30) gives:

q m Xm X q X
o dwmM, (;%m“y“)@whqh) (Z : “mh“y : )(thqhmhx)
ha e (ZWthmhx)(ZWhQn) —(ZWthmhx)
h=1 h=1 h=1 (35)

H
[M X ZWh mhx j

h=1

Equation (35) can be written in the form of the generalized regression (GREG) estimator as:
A A N H
Myre2 = MYR+ﬁst.2(Mx_thmhx)' (36)
h=1

Where,

q m Xm M X q X
M ey S )~ 3 e S g m, )
ﬂstz h h

(ZWth msx)(zwh 0,) - (th GMhe)®
h=1 h=1 h=1
A H
and Mygr ZZM
h=1 mhx

Substituting ¢, =1 in (35) gives the proposed regression-type calibrated estimator of the population median in
stratified random sampling under two constraints as.
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W mhxmhy hx hx H
W, W,
l\7| YRC21 _iW mhy hx (hzl“ mh )(z ) hzl" mhx (z ) (M x ththJ
h=1
R O mE )W) - (X wm,,)? 37
h=1 h=1 h=1

. 1 : : . .
Also by letting ¢, =—— in (35), we have the proposed ratio-type calibrated estimator of the population
mhx
median in stratified random sampling under two constraints as:
W mhy hx

X

W, W, hthX W, H
0 inM (; )(Z )(Z e )(Z )[Mx—ththj

2 M (thmhx)(zm—“)—(zwh)z (38)

2.4 Bias and variance estimators of the proposed calibrated estimators under two
constraints

The bias and variance estimators of the proposed calibrated ratio median estimators under two constraints, are
also obtained using same procedure of Taylor Linearization Technique as used under one constrain . Only the

calibrated weight is changed We have:

A H
Bias(Mvac2) = > Wy,M,, 4,(Cy —Cy, Cuy. Pum,)
h=1 (39)

And

\?T(Mm)=2<whzm[(ﬁny<Mhy»2+f<m<th<th))2—2Ffm(ﬁhx(th>ﬁhy<Mhy»lfawmj
= (40)

Where ,

hqhmhx(Zthh) thh(Zthhmhx) "
Wi, =W, + N (Mx_zwhmhx)
1

(ZWthmhx)(ZWth) - (Z\thh m,,)?

(41)
is the calibrated weight for two constraints as stated in (34)
Setting ¢, =1, we obtain:
W, m,, (ZW )-W, (ZW m,) ; @)
Wi =W, + o (M, _thmhx)

SWmEIO W) - W, )

: 1 .
Also setting Q,, = ——, we obtain:
hx
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H W W H
w)S e Swy
Wi, =W, + L - hT.ql (M, - th m,)

CWm IO - W)
h-L h=1 My h=1 (43)

Substituting (42) and (43) into (40), gives the regression and the ratio-type variance estimators under two
constraints as:

. o wmaEw W wmy
Vr(Myea) =Y | W, +—; hel = (M, =2 W,m,) | 4 ((F, (M) * +R2(F, (M)
"~ (ZWhmﬁx)(ZWh)—(ZWhmm)z i

~2Rn(Fr(My) Fry (M) oy, ) (44)
And

2

W,

o JomEH-Chowy
Vi (Misea) = 3 W+t ot (M, =3 Wi, ) | 4 (R, (M) 2 +R3(F, (M) 2
oWy -gwy

=1

-2 Rm(th(MhX)Fh)’(Mhy))_lthxMhy ) (49)

3 Empirical Evaluation of Estimators

The performance of the proposed calibrated Ratio estimators shall be compared with the existing ratio estimator
using two performance measures namely: Percentage Relative Efficiency and the Percentage Absolute Relative
Bias.

By the percentage relative efficiency of two estimators, we mean the percentage ratio of their variances or mean
square errors. It can be computed as:

%RE('\//\lYRC): w x100 (46)
MSE (M vrec)

A
Also, given the calibration estimator M vrc, the percentage absolute relative bias with respect to the population
median M is given as:

. 1& M,
% ARB(M —|= _YyRe 1) X 100 47)
(Myre) R;( v )

y

3.1 Simulation study

A simulation study using R software was done on the estimators for different sample sizes, with distributional
assumptions of Cauchy and lognormal distributions.
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For each sample of size (10%),(209%) and (259%) selected in each simulation run r=1,2,3...R , (R=10,000),

A A
the estimates of M yrc and M yr was computed.

r r

A
Suppose M yrc and M vr denotes the proposed and existing estimator respectively for the rt run, =1,2...R,
then the mean square error for both estimators was also computed as

A

MSE (M vre) =%Z(M YRC —|\/|y)2 (48)
=1
A l R AT 2
MSE (M vr) :EZ(M w—M,) (49)
r=1

4 Discussion of results

Tables 1 and 2 below, shows the percentage absolute relative bias (%ARB) and the percentage relative
efficiency (%RE) with one and two constraints for Cauchy distribution, and lognormal distributions using

sample sizes of 10%, 20% and 25% respectively.

From Table 1, under the Cauchy distribution, the ratio-type estimator with one constraint M vre12 has the
smallest %ARB of 95.6 to 102.0 as sample size increases from 10% to 25%, followed by the regression-type

estimator with two constraints Mwez1with a fluctuated %ARB of 5045.7 at 10% sample size and a decrease of
1263.8 to 1109.1 as sample size increased from 20% to 25% and the regression-type estimator with one

constraint Myrew having a %ARB of 1169.5 to 2435.0 as sample size increased from 10% to 25% .Whereas,

the existing estimator M & and the proposed ratio-type estimator with two constraints M vrc22 have very high
%ARB of 1538.5 to 3277.7 and 5401.6 to 10706.9 respectively as sample size increased from 10% to

25%.Under the lognormal distribution, the regression-type estimator with two constraints Mwez: has the smallest
%ARB of 1358.1 to 874.4 which decreased as sample size increased from 10% to 25% followed by the ratio and

the regression-type estimators with one constraint Myre12 gng M vrens having %ARB of 1444.5 to 896.9 and
1713.4 to 1030.3 respectively which decreased as sample sizes increased from 10% to 25%. The existing Ratio

A AN
estimator M 'R and the proposed ratio- type estimator with two constraints M vre22 g having high %ARB of
1724.0 to 1149.6 and 12502.6 to 1457.2 respectively as sample size increased.
Table 2, under the Cauchy distribution, shows that the proposed regression and ratio-type estimators with one

A AN A
constraint M vrc11 5ng M yre12, and the regression-type estimator with two constraints M vrc21 have high

gains in efficiency of 173.0 to 181.2, 24605.9 to 103343.0 and 579.2 to 872.9 respectively as the sample size
increased ( with an initial loss of 9.3% at 10% sample size for the regression-type estimator with two constraints

A A AN
M yrc21) than the existing estimator M yr - Whereas, the ratio -type estimator with two constraints M yrc22
has a loss ranging from 8.1 to 9.9 as sample size increased from 10% to 25%.

A
Under the lognormal distribution, the regression and the ratio-type estimators with one constraint M vrc11 g

A A

M vRe12 an the regression-type estimator with two constraints M vre21 gained efficiencies ranging from 101.2
to 124.5, 142.4 to 164.3 and 161.2 to 174.3 respectively as sample increased from 10% to 25% than the existing
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N A
estimator G , While the proposed ratio-type estimator with two constraints M vre22 has a loss of 1.9 to 62.2
as sample size increased from 10% to 25%

Table 1. Percentage Absolute Relative Bias for Cauchy and Lognormal Distributions Under one and Two

Constraints

Existing One Constraint Two Constraints
Estimator
Sample Distribution h>| YR |\>| YRC11 I\A/I YRC12 I\A/I YRC21 I\A/I YRC 22
Sizes
10% Cauchy 1538.5 1169.5 98.1 5045.7 5401.6
Lognormal 1724.0 17134 14445 1358.1 12502.6
20% Cauchy 3041.6 2351.1 95.6 1263.8 10706.9
Lognormal 1222.3 1118.2 957.1 925.7 4603.8
25% Cauchy 3277.7 2435.0 102.0 1109.1 10408.0
Lognormal 1149.6 1030.3 896.9 874.4 1457.2

Table 2. Percentage Relative Efficiency for Cauchy, and Lognormal Distributions Under One and Two

Constraints

Existing One Constraint Two Constraints
Estimator
. . . . A AN A N A
Sample Sizes  Distributions ] o M vre11 M vre12 M vrc21 M vrc 22
10% Cauchy 100 173.0 24605.9 9.3 8.1
Lognormal 100 101.2 142.4 161.2 1.9
20% Cauchy 100 167.4 101168.6 579.2 8.1
Lognormal 100 119.5 163.0 174.3 7.0
25% Cauchy 100 181.2 103343.0 872.9 9.9
Lognormal 100 124.5 164.3 172.9 62.2

5 Conclusion

In this paper, four ratio median estimators (the regression-type estimator under one constraint M e, the ratio-

type estimator under one constraint xs ... , the regression-type estimator under two constraints M. and the

ratio-type estimator under two constraints y; ..., ) Were introduced using calibration for both single and
double constraints under stratified random sampling. Also, their biases and variance estimators were obtained

using Taylor Linearization.

Following the discussion of results above, we deduce that under the Cauchy and lognormal distributions which

are strictly heavy tailed, the proposed regression and ratio-type estimators with one constraint Myci1, Myee,, @Nd

the regression-type estimator with two constraints m..., are more efficient than the existing ratio estimator w.,
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and the proposed ratio-type estimator under two constraints y;,...,. This work obviously shows that though one of

the proposed estimators under two constraints (the ratio-type estimator under two constraints y...,, ) is bad, the
other three proposed estimators work better for real life data that follow a skewed or heavy tailed distributions
like the Cauchy and lognormal distributions. This agrees with the already known fact that robust statistics have
good performance for data drawn from distributions that are skewed and generally supports the results of
Deville and Sarndal [16] that there is gain in efficiency for calibrations.
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