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Abstract

A graph G possess an H-covering when each edge in E(G) pertaining to a subgraph of G isomorphic to H.
This graph G is H-magic if there exists a total labeling f : V(G) U E(G) — {1,2,...,p + ¢} such that for
cach subgraph H of G isomorphic to H, Y f(u)+ Y f(e) = M is a constant. An H-E-super
veV(H) ecE(H')
magic graceful labeling (H-E-SMGL) is a bijective function f : V(G) U E(G) — {1,2,...,p + ¢} with
f(E(Q)) ={1,2,...,q} so that > f(v)— > f(e) = M for few positive integer M. Herein, we
veV(H") ecE(H')
examine the Cp-E-SMGL of some graphs.
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1 Introduction

All graphs considered in this article are finite, simple and undirected. The vertex set and edge set of a graph
G is represented as V(G) and E(G) correspondingly, p = |V| and ¢ = |E|. A graph labeling is a map that
takes graph elements to numbers(typically integers). Various classes of labelings has been introduced by several
experts.An excellent analysis of graph labelings is glimpsed in [1].

During 1963, Sedlacek [2] described magic labeling in graphs. A graph G is magic when the edges of G usually
labeled with {1,2,...,q} such that the sum over the labels of all edges incident with any vertex is equal [3]

> fuw) = M.

vEN (v)

A covering of G is a family of subgraphs Hi, Ha, ..., Hj, so that each edge of E(G) pertaining to at least one
of the subgraphs H;,1 < ¢ < h. This results that G possess an (Hi, Ha,..., Hy) covering. When each H; is
isomorphic to the graph H, then G have an H-covering. Assume that G have an H-covering. A total labeling is
a bijective function f from V(G)U E(G) to {1,2,3,...,|V(G)| + |E(G)|} is named an H-magic labeling of G if
there exists a positive integer M (termed the magic constant) so that for every subgraph H "of G isomorphic to
H, > f(v)+ > f(e) =M. A graph which possess such a labeling is termed H-magic. The function

veV(H") ecE(H")
f is named as H-E-super magic labeling when f(E(G)) ={1,2,...,q}.

The concept of H-magic labeling was explained by Gutierrez and Llado [4].

Llado and Moragas [5] explored few C,-supermagic graphs.

Rosa [6] initiated a labeling known as (-valuation. Golomb [7] named that labeling as graceful. An one to one
function f from the vertices of G to { 0, 1, 2, ..., q } is named as graceful labeling of G when every edge uv is
labeled as |f(u) — f(v)|, the resultant edge labels are different.

To acquire more knowledge regarding H-FE-super magic graphs, read [8].

In 2019, Sindhu Murugan and S. Chandra Kumar [9] initiated an H-E-super magic graceful labeling (H-E-
SMGL). An H-E-SMGL is a bijective function f from V(G) U E(G) to {1,2,...,p + q} with f(E(G)) =
{1,2,...,q}and >, f(v)— > f(e) =M for few positive integer M. Herein, we examine Cp-E-SMGL

vev(H') e€B(H')
of some families of graphs.

There are so many types of magic labelings in graphs, defined and studied by various authors [10, 11, 12, 13,
14, 15, 16, 17]

2 (,-FE-Super Magic Graceful Graphs

Theorem 2.1. Let n > 5 be an odd integer. Then the wheel graph Wy, is Cs-E-SMGL with magic constant
In+5
=R

Proof. Denote the vertices of n-cycle of the wheel W, as a1, axs,...,a, and its central vertex by r. We define a
total labeling f: V(W,) U E(W,) — {1,2,3,...,3n + 1} as follows:
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o2n + 1 ifv=r
HORE S A
= 2n+# if v=a4, iisodd for 3<i<n

% if v=a;, iiseven for 2<i<n-—1
and
) ife=ra; for1<i<n
fle) = n+1—1 if e=aaiy1 for 1 <i<n-—1
n+1 if e=ana.

Now, we prove that f is a C3 — E-SMGL of W,,.

Let C% for 1 <4 < n be the subcycle of W, with V(C%) = {a; : 1 <43 <n} U {r} and E(C%) = {aiaigp,1 : 1 <
i <n}tU{ra;:1<i<n}U{rag,: :1<i<n}

Case 1: Suppose i = 1.

Then M = z(:cv)f(v)_ %:c-)f(e):f(r)+f(a1)+f(az)—[f(ala2)+f(ml)+f(m2”
veV(C4 e€E(CY
=[2n+ 1]+ [2n+ 2] + [25] — 2n + 1 + 2] = 25,

Case 2: Suppose i is even for 2 <i<n—1.

Then M = >3 fv)— X fle)=f(r)+ flai) + flai+1) — [f(aiait1) + f(rai) + f(raiz1)]
veV(CE) e€B(CY)

=[2n+ 1]+ 2B Pn4+ 24+ L] —2n+1—i4i+i+ 1] = %5,

Case 3: Suppose 7 is odd for 3 <i <n — 2.

Then M = >> fv)— X fle)=f(r)+ flai) + flait1) — [f(aiait1) + f(rai) + f(raiza)]
vev(Ci) e B(CE)
=[2n+ 1]+ 2n+ B3]+ 2] —Pn+ 1 —i+i+i4 1] =22

Case 4: Suppose i = n.

fhen 4= z(:c') Jwr- X(:c') fle) = f(r)+ f(an) + fa1) = [f(ana1) + f(ra1) + f(ran)]
veV(Cy e€E(CY
=[2n+1]+ 2] + 20+ 2] — [n+ 1+ 1 +n] = 252,

The graph W, is C3 — E-SMG with magic constant 9”%. O

Example 2.2. The Wheel W7 admits C3-E-SMGL with magic constant 34.

Denote the vertices of n-cycle of the wheel W, as ai,a2,...,a7 and its central vertex by r. Define f :
V(W7)UE(W7) — {1,2,3,...,22} as follows:

15 ifv=r

Flv) = 16 o ifv=a
14—&—% if v=ai, iisodd for 3<i<7
19—&—% if v=ai, iis even for2<i<6
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fle)=< 15—i
8
8
19 a
9
22a¢
10
as
18

and

if e=ra; for 1 <i<7
if e=aiai41 for 1 <i<6
if e=arar.

16
ai
14
asz 20
13
asl7
12
11 a4
21

Fig. 1. C5-E-SMGL of W

To prove that f is a C3 — E-SML of W5.

Let C% for 1 <4 < n be the subcycle of W, with V(C%) = {a; : 1 <i < 7} U {r} and E(C%) = {a;aip,1: 1 <

1 <T7}U{ra; : 1 <i<7}U{raig,1 :1<i<7}.

Case 1: Suppose i = 1.

Then M = > f(v)— > fle)=f(r)+ f(a) + f(a2) - [f(ara2) + f(ra1) + f(raz)]

veEV(CE) e€E(CY)

= [15] + [16] + [20] — [14 4+ 1 + 2] = 34.

Case 2: Suppose i is even for 2 < i < 6.

Then M = > fv)— X fle)=f(r)+ flai) + flait1) — [f(aiait1) + f(rai) + f(raiza)]

veV(Ci) e€E(CY)

=[15]+[19+ ] —[16+ 4] — [15 —i+i+i+1] = 34.

Case 3: Suppose i is odd for 3 <1 < 5.

Then M = >> fv)— X fle)=f(r)+ flai) + flait1) — [f(aiait1) + f(rai) + f(raiza)]

veV(Ci) ecE(CY)

=[15]+ 14+ 3] 4+ [3%H) — (15 —i+i+i+ 1] =34

Case 4: Suppose i = 7.
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Then M= £ )= 2 J0)= [0+ 1o + f(or) = [loer) + f(ren) + frar)
VeV (Ci e€E(C}
= [15} + [19] + [16] — [8 +1+ 7} = 34.

The graph W, is C3 — E-SMG with magic graceful constant 34.

Theorem 2.3. Let n > 1 be an integer. Then the Ladder graph L, = P> X P, admits C4-E-SMGL with magic
constant In + 4.

Proof. Let V(Ln) ={ai,b; : 1 <i<n}and E(L,) = {aiait1,bibiy1 : 1 <i <n—1}U{a;b; : 1 <i < n} be the
vertex set and the edge set of L, respectively.

We define a total labeling f : V(L,) U E(Ln) — {1,2,...,5n — 2} as follows:

Flo) = 2n+1i+3 ifv=a; for1<i<n
T n—i—1 ifv==>b; for1<i<n

7 if e=ab; for1<i<n

fle)=1 2n—i if e=aiaiy1 for 1<i<n-—1
3n—1—1 if e=bibiy1 for1 <i<n-—1.

Now, we prove that f is a C4 — E-SMGL of L,,.

Let C} for 1 <4 < n — 1 be the subcycle of L,, with V(C%) = {a;,b; : 1 <i < n} and E(CL) = {a;a;41: 1 <i <
nfl}u{bibiﬂ:1§i§n71}u{aib¢:1§i§n}.

Suppose 1 <i<n—1.

Then M = 3> f(v)— > f(e) = flai) + faiv1) + f(bi) + f(biv1) — [f(aibi) + f(aiv1bitr) + faiaiv1) +

veV(Ci) e€E(CY)
f(bibit1)]
=2n+i+3]+2n+i+4)+Pn—i—-1]+bn—i—-2]-[i+i+1+2n—i+3n—i—1=9n+4. The graph L,
is C4 — E-SMG with magic constant 9n + 4. O

Example 2.4. The Ladder graph Ls = P> X Ps admits Cy-E-SMGL with magic constant 49.

Let V(Ls) = {ai,b; : 1 <i <5} and E(Ls) = {aiait1,bibit1 : 1 < i <4} U {aib; : 1 < i < 5} be the vertex set
and the edge set of L5 respectively.

Define f : V(Ls) U E(Ls) — {1,2,...,23} as follows:

Flv) = 1341 ifv=a; for 1<i<5h
S 24— ifv="5b; for1<i<5

and
7 if e=ab; for1<i<5
fle) = 10 — 4 if e=aaiy1 for 1 <i<4

14 —1 ife:bibi+1for1§i§4.
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14 15 16 17 18

al 9 az 8 as 7 a4 6 as
1 2 3 4 5

b 13 ba 12 bs 11 ba 10 bs

23 22 21 20 19

Fig. 2. C4-E-SMGL of Ls

To prove that f is a C4 — E-SMGL of Ls.

Let C} for 1 < 4 < 4 be the subcycle of Ls with V(C3) = {ai,b; : 1 < i < 5} and E(C}) = {aiaiy1 : 1 < i <
4}U{bibi+1 01 §Z§4}U{azbl 01 §Z§5}
Suppose 1 < i < 4.

Then M = 3 f(v)— > f(e) = fla:i)+ flair1) + f(bi) + f(bit1) — [f(aibi) + f(ait1bit1) + flaiaiyr) +

veEV(CY) e€EE(CY)
f(bibis1)]
=[134+d+[14d+i]+[24—d+[23 -] —[i+i+1+10—i+ 14 —i] = 49.
Thus the graph Ls is C4 — E-SMG with magic constant 49.

Theorem 2.5. Let n > 2 be an integer. Then the triangular Ladder TL,, admits Cs-E-SMGL with magic
constant M = 10n — 5.

Proof. Let V(TLy,) = {ai,b; : 1 < i < n} and E(TLy,) = {aiait+1,bibiv1 : 1 < i <n—1}U{ab; : 1 <i <
n}U{a;bi+1: 1 <i<n—1} be the vertex set and the edge set of T'L,, respectively.. We define a total labeling
f:V(TL,)UE(TL,) —{1,2,...,6n — 3} as follows:

Fv) = dn+2i—3 ifv=a; for1<i<n
T 4n+2i—4 ifv=>b; for1<i<mn

and
27 —1 if e=aib; for1<i<n
fle) = 2n+ 21— 2 if e=aaiy1 for 1 <i<n-—1
- 2n +2i —1 if e=bibig1 for1<i<n-—1
24 if e=aibiy1 for1<i<n-—1.

To prove that f is a C3s — E-SMGL of T'L,,.

Let C’§ for 1 < i < n —1 be the subcycle of TL,, with V(C%) = {a; : 1 <i <n}uU{b; : 1 <i < n} and

E(C3) ={aiai+1:1<i<n—1}U{bibit1:1<i<n—1}U{ai,b; : 1 <i<n}. Suppose 1 <i<n—1.

Then M = 37 f(v) = > fle) = flai) + flaivs) + f(biv1) — [faiaita) + flaivrbiva) + fbiyrai)] =
vevel e€ECY

[An +2i — 3]+ [An + 20 — 1]+ [An 4+ 2 — 2] — [2n+ 2 — 2+ 2 + 1 + 2i] = 10n — 5.

The graph T'L,, is C3 — E-SMG with magic constant 10n — 5. ]
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Example 2.6. The triangular Ladder T'Ls admits Cs-E-SMGL with magic constant M = 45.

Let V(TL5) = {ai7b¢ 1< < 5} and E(TLs) = {aiai+1,b¢bi+1 1 <1< 4} @] {aibi 1< < 5} U {aibprl 1<
i < 4} be the vertex set and the edge set of T'Ls respectively.
Define f : V(T'Ls) UE(TLs) — {1,2,...,27} as follows:

Flv) = 17424 if v=a; for 1<i<5
Tl 16+2i ifv==>0 for1<i<5

and
2t —1 if e=ab; for1 <i<5
8+ 21 if e=asaiy1 for1<i<4

=9 919 if e =bibiy1 for 1<i<4
21 if e=abiy1 for 1 <i<A4.

b1 11 b 13 bs 15 ba 17 bs
18 20 22 24 26
Fig. 3. C5-E-SMGL of triangular ladder T'Ls

To prove that f is a C3 — E-SMGL of T'Ls.

Let C’§ for 1 < i < 4 be the subcycle of TLs with V(C%) = {a; : 1 < i < 5}U{b; : 1 < i < 5} and
E(C3) ={aiait1: 1 <i <4} U{bibit1:1<i<4}U{ai,b; : 1 <i<5} Supposel <i<n-—1.

Then M = >> fv) = > fle) = flai) + flait1) + f(bit1) — [f(aiait1) + f(ait1bit1) + f(bitra:)]
vev(cl) ceE(CY)
— (17 420 + [17+ 2 + 2] + [16 + 2 + 2] — [20 + 1 + 8 + 2i + 2i] — 45.

Thus the graph T'Ls is Cs — E-SMG with magic constant 45.

Theorem 2.7. Let n > 2 be an integer. Then the triangular snake graph A, admit C3-E-SMGL with magic
constant M = Tn + 2.

Proof. Let V(An) ={a; : 1 <i<n+1}U{b; : 1 <i<n}and E(A,) ={aiair1 : 1 < j<n}U{ab;: 1<
Jj <n}U{ai+1b; : 1 <i < n} be the vertex set and the edge set of A, respectively. We define a total labeling
f: V(AR UEA,) —»{1,2,...,6n+ 1} as follows:

Flo) = 3n+1 ifv=a; for1<i<n+1
T n+2—i ifv="b; for1<i<n
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and
7 if e=asaiy1 for 1 <i<n
fle)=12 3n+1—4 if e=ab; for1<j<m
n+1 if e =ait1b; for 1 <j<n.

To prove that f is a C3s — E-SMGL of A,,.

Let C3 for 1 < i < n be the subcycle of L, with V(C%) a; 1 < j<ntU{b:1<j<n}and

={
E(C3) ={aiait1: 1 <j<n}U{ab;:1<j<ntU{ait1,bi:1<j<n}
Suppose 1 < i < n.

Then M = > f(v)— > f(e) = flai) + f(ait1) + f(bi) = [f(@aiair1) + faibi) 4 f(ait1b:)] = [3n +i] +

veV(C}) ecE(CY)
[3n—|—i+1]—|—[5n—|—2—z’]—[i+3n+1—i+n+i]:7n+2.

The graph A, is C3 — E-SMG with magic constant 7n + 2. O

Example 2.8. The triangular snake graph A¢ admits C3-E-SMGL with magic constant M = 44.

Let V(AG) = {ai 01 SZS 7}U{bz 01 SZSG} and E(AG) = {aiai+1 01 SZS 6}U{a1bz 01 SZSG}U{U,H_ﬂh :
1 <7 < 6} be the vertex set and the edge set of Ag respectively. Define f : V(Ag) U E(Ag) = {1,2,...,37} as
follows:

Flv) = 18414 ifv=a; for 1<i<7
YT 82-i  ifv=b for1<i<6

and
7 ife:aiai+1for1§i§6
fle) = 19 —4 if e=ab; for 1<i<6

6+ if e=ai+1b; for 1 <i<6.

31 30 29 28 27 26

Fig. 4. C3-E-SMGL of triangular snake Ag
To prove that f is a C3 — E-SMGL of Ag.

Let C4 for 1 < i < 6 be the subcycle of Ag with V(C%) = {a; : 1 < i < 6}U{b; : 1 < i < 6} and

E(Cé) = {aiai+1 1< < 6}U{aibi 1< < 6}U{ai+1,bi 1< < 6}.

Suppose 1 < i < 6.

Then M = >3 f(v)— > fle)=f(ai)+ flaiv) + f(bi) — [f(@iaitr) + flaibi) + fait1bi)] = [18 +4] +
veV(C}) e€E(C})

[18+i+1]4[32—i] —[19—i+6 +i +i] = 44.

Thus the graph A,, is C3 — E-SMG with magic constant 44.
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3 Conclusion

In this article,we have discussed C),-FE- super Magic Graceful Labeling of Some Special Graphs.
Also we have given the examples related the theorem.
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